This paper reports on the relationships between the performance of retro-reflectors and the sharpness of an aerial image formed with aerial imaging by retro-reflection (AIRR). We have measured the retroreflector divergence angle and evaluated aerial image sharpness by use of the contrast-transfer function. It is found that the divergence angle of the retro-reflected light is strongly related to the sharpness of the aerial image formed with AIRR.
Introduction
Recently, a variety of techniques to form a floating aerial image have attracted attention from the industrial world. When an aerial image is formed as a real image, the aerial image satisfies multiple cues, including binocular parallax, motion parallax, accommodation, and convergence. Thus, an aerial real image has been considered to cause less visual fatigue and be highly safe. Imaging with passive optics is a typical technique which forms such an aerial real image. For example, an aerial image is formed by use of a dihedral corner reflector array (DCRA) [1] , a crossed slitmirror array called an AI plate [2] , and a retro-reflector. The DCRA and the AI plate both form an aerial image after double reflections, while single reflected light causes undesired pseudo images that locate on the both side of the aerial image. Furthermore, they require challenging and high-cost manufacturing processes for precise fabrication. We have proposed a method of aerial imaging by retro-reflection (AIRR) [3] , [4] . AIRR consists of simple, mass-production, and cost-effective optical elements. Furthermore, AIRR features a wide view angle of more than 120 degrees, and solves the problem of pseudo images as mentioned above. However, AIRR has problems of low brightness and image blur. A method to improve the brightness of an aerial image formed with AIRR, which we call polarized AIRR (p-AIRR), has been realized through polarization modulations [5] - [7] . Brightness and image quality of an aerial image formed with AIRR are greatly affected by the optical properties of the retro-reflector. Thus, investigation of a retro-reflector is one of the important factors to improve aerial image quality. We have also evaluated the reflectance properties such as the reflectance and polarization maintenance ratio of retro-reflective materials [6] , [7] .
The purpose of this paper is to investigate the relationships between the divergence angle of retro-reflectors and the contrast transfer function (CTF) of aerial image formed with AIRR. Under condition of a fixed floating distance, aerial images of test patterns with different spatial frequencies are recorded with a camera. Performance of a retroreflector for AIRR is shown in a CTF curve. Although the optical properties of the retro-reflective material have been reported [8] , [9] , the spread of retro-reflected light by commercially available retro-reflectors has not been reported. Therefore, the influence on the aerial image quality is not clear. In this paper, we clarify the divergence angle of the retro-reflected light strongly relates to the sharpness of the aerial image. Although earlier version of this work has already been reported [10] , [11] , this paper describes details of experiments and deeper analysis.
Aerial Imaging by Retro-Reflection (AIRR)

Type of Retro-Reflective Material
The main function of retro-reflective material is to reflect light back along its incident direction. Retro-reflecting sheeting is widely used for traffic signs in order to improve visual recognition at night. Photographs and features of typical retro-reflectors are shown in Fig. 1 and Table 1 . There are two types of retro-reflective materials: bead type and prism type. Bead type, shown in Fig. 1 (a) , is consisted of many small glass beads. The size of each glass bead is approximately in the range of 40 to 90 μm in diameter. Light is refracted by the bead surface. Then, the light is reflected by the mirror that is coated on the backside of the bead, refracted again by the bead surface, and returns to the light source. On the other hand, prism type, shown in Fig. 1 (b) , consists of small corner-cube prisms. The size of each prism is approximately in the range of 100 to 200 μm. Light is reflected sequentially by the three sides of a prism and finally returns to the light source. It has been generally recognized that the prism type has a higher reflective performance Copyright c 2017 The Institute of Electronics, Information and Communication Engineers In this paper, we evaluate commercially available retroreflective sheets without logos because they are suitable for AIRR.
Principle of AIRR
Imaging by retro-reflection was originally proposed to correct a pseudoscopic image [12] . We have utilized a retroreflector to form aerial information display. The fundamental structure of our proposed aerial display is shown in Fig. 2 . The setup consists of a light source, a beam splitter, and a retro-reflector. Light rays from the light source impinge on the beam splitter. Then, rays reflected by the beam splitter impinge on the retro-reflector. After retro-reflection, the rays travel back along their incident directions. Rays that transmit through the beam splitter converge in the air. Thus, the aerial image of the light source is formed at the plane symmetrical position of the light source regarding the beam splitter. Optical loss is caused by the light transmitted through the beam splitter from the light source and the light reflected on the beam splitter after retro-reflection. Consequently, challenges of AIRR are to improve the brightness and image quality. 
Principle of Polarized AIRR (p-AIRR)
The principle of polarized AIRR is shown in Fig. 3 . A polarization modulation technique has been introduced to improve the brightness of AIRR. Polarized AIRR employs a reflective polarizer instead of a beam splitter and a quarterwave plate on the retro-reflector. Theoretically, the linearly polarized light reflected by the reflective polarizer is converted to circularly polarized light through the quarter-wave plate when the angle between the slow axis and the axis of linearly polarized light is 45 degrees. Then, the circularly polarized lights reflected by the retro-reflector is converted to linearly polarized light oriented at 90 degrees after the light passes through the quarter-wave plate again. Thus, optical loss is decreased by controlling the polarization state. The brightness of an aerial image with p-AIRR is expected to be twice that of conventional AIRR.
Divergence Angle of Retro-Reflectors
Optical System to Measure the Divergence Angle of a Retro-Reflector
The optical system to measure the divergence angle of a retro-reflector is constructed in this paper. A schematic diagram of our optical system to measure divergence angle is shown in Fig. 4 . A screen is placed at the focal plane of a convex lens. A collimated beam from a laser passes through the beam splitter and is reflected by a retro-reflector. The reflected light is focused by the convex lens and is projected on the screen. The light projected on the screen is affected by scattering and diffraction, which are due to retro-reflector structures. The projected pattern is recorded by a camera. The divergence angle of the retro-reflector is calculated from the recorded image. The formula to obtain the divergence angle θ of a retro-reflector is given as follows:
where D is the beam diameter of the spotlight projected on the screen, and L is the focal length of the convex lens.
Experiment Measuring the Divergence Angle of Retro-Reflectors
In this experiment, we have investigated four prism-type retro-reflectors, which are longitudinal Nippon Carbide Nikkalite CRG, lateral Nippon Carbide Nikkalite CRG, longitudinal Reflexite HA42, and lateral Reflexite HA42. We have also examined a bead type, which is 3M scotchlite 8910. We compared the divergence angle of these five retroreflectors and a mirror as a reference. The light source is a He-Ne laser (7 mW, 632.8 nm). The distance L from the convex lens to the screen is 200 mm. The recording conditions of the camera are ISO 400, 1/50 second exposure, and F-number 4.5. Figure 5 shows photographs of the projected patterns on the screen. The divergence distribution of reflected light depends on the type of retro-reflective material. The divergence distributions of the prism types are anisotropic. On the other hand, the bead type shows an isotropic pattern. Figure 6 shows the divergence angle of the examined retroreflectors which are calculated according to Eq. (1).
In the examined retro-reflectors, Nikkalite CRG, which is a prism type, provides the smallest divergence angle. 3M scotchlite 8910, which is a bead type, shows the largest divergence angle. The beam diameter projected on the screen is 0.8 mm with the reference mirror. In the horizontal direction, the divergence width of Nikkalite CRG is 1.8 mm, that is, the divergence angle is 0.51 degrees. 3M scotchlite 8910 gives a spread width of 3.5 mm, that is, the divergence angle is 0.99 degrees. Thus, the divergence angles of these retroreflectors have nearly twice the performance difference.
Contrast Transfer Function of Aerial Images
Method to Evaluate Aerial Image Quality
We have proposed a method to evaluate aerial image quality, which employs contrast transfer function (CTF) [10] . A schematic diagram of our optical system to obtain CTF of an aerial image is shown in Fig. 7 . This optical system consists of a light source, a test chart, a beam splitter, and a retroreflector. The test chart is a negative 1951 USAF resolution test chart. The aerial image of the test chart is recorded with a camera. Sharpness for each spatial frequency is calculated on the recorded aerial image.
A conceptual diagram of calculating the CTF is shown in Fig. 8 . The maximum intensity value I max and the minimum intensity value I min on the recorded aerial image are measured for each spatial frequency. The contrast C(x) at a spatial frequency x is obtained by
The contrast transfer function CTF(x) is obtained by normalizing the contrast C(x) obtained at each spatial frequency with the contrast C(0) of the lowest spatial frequency in the test pattern. Thus, CTF(x) is expressed by 
Experimental Results
In this experiment, we used two prism-type retro-reflectors (lateral Nippon Carbide Nikkalite CRG and longitudinal Reflexite HA42) and a bead-type retro-reflector (3M scotchlite 8910). As a light source, we used a white screen of a smartphone (Sony Xperia Z3 Tablet Compact). The test chart is a negative 1951 USAF resolution test chart (Thorlabs R3L3S1N). Installation angle α of the light source and installation angle β of the retro-reflector, shown in Fig. 7 , were 40 degrees and 50 degrees, respectively. The beam splitter is a half mirror (transmittance and reflectance are close to 50%). We use a digital camera (Nikon, D7100). The recording conditions of the camera are ISO 800, 1/25 second exposure time, and F-number 5.6. Its 35-mm equivalent focal length is 50 mm. The recorded aerial images are shown in Fig. 9 . The effect of the retro-reflector on the CTF of the formed aerial image has been examined. Figure 10 shows several typical examples of intensity distribution in the vertical direction in a domain in Fig. 9 . The maximum and minimum intensity values obtained from each spatial frequency domain as shown in Fig. 9 are calculated. CTF curves that were obtained according to Eqs. (2) and (3) are shown in Fig. 11 . The spatial resolution of the prism type is more than twice as high as that of the bead type. Nikkalite CRG gives the highest spatial resolution among the three types of retro-reflectors used in the experiments. 
Measurement of the Contrast Transfer Function When F-Number is Varied
The effect of F-number on evaluating CTF of an aerial image is illustrated in Fig. 12 . It has been generally recognized that the sharpness of a photographed image of a blurred aerial image improves as F-number increases. Thus, we have investigated dependence of CTF on F-number. The aerial image is recorded while varying the F-number of the camera from F4.2 to F8.0. Experimental conditions other than Fnumber are the same as those in Sect. 4.2. In the case of the retro-reflector of lateral Nikkalite CRG, the recorded aerial images with different F-numbers are shown in Fig. 13 . tial resolution, and F4.2 gives the lowest. Results show that sharpness of aerial image is affected by F-number.
Measurement of Contrast Transfer Function Under a Fixed Floating Distance Condition
In Fig. 11 and Fig. 14 , there are some fluctuations in the CTF curves obtained with the USAF test target. One of the reasons for this may be the variation in the distance of bar patterns in the test target from a retro-reflector because image blur of the aerial image in AIRR depends on the floating distance. Therefore, it is necessary to evaluate image quality under condition of a fixed floating distance. Therefore, we use a test chart shown on a light source display instead of a USAF test target in this section.
Experimental results in Sect. 3 show that the divergence angle of the retro-reflected light varies depending on the installing direction of the retro-reflector. It is suggested that CTF changes according to the installing direction of a retro-reflector. In this experiment, we investigate five retro-reflectors (longitudinal Nikkalite CRG, lateral Nikkalite CRG, longitudinal Reflexite HA42, lateral Reflexite HA42, and 3M scotchlite 8910). We measure the sharpness of aerial images formed by use of these retroreflectors. The light source is a TFT LCD display (Litemax Electronics, SLD0868). Installation angles α and β, shown in Fig. 7 , are both 45 degrees. The beam splitter is a half mir- ror (transmittance and reflectance are close to 50%). We use a digital camera (Nikon, D5500). The recording conditions of the camera are ISO 400, 1/80 second exposure time, and F-number 4.5. Its 35mm equivalent focal length is 50 mm.
Examples of the aerial images are shown in Fig. 15 . The retro-reflectors of prism type formed finer images than that of bead type.
The horizontal CTF curves obtained from the aerial images are shown in Fig. 16 . Results show that Nikkalite CRG, which is of prism type, forms an aerial image in the best contrast. On the other hand, lateral Reflexite HA42 and 3M scotchlite 8910 form an aerial image in low contrast. The vertical CTF curves obtained from the aerial images are shown in Fig. 17 . Results show that longitudinal Nikkalite CRG forms an aerial image in the best contrast. On the other hand, longitudinal Reflexite HA42 and 3M scotchlite 8910 form an aerial image in low contrast. For the reasons mentioned above, Nikkalite CRG forms an aerial image in the most excellent contrast under the measured spatial frequency range.
The CTF curves shown in Figs. 16 and 17 change smoothly while the CTF curves in Fig. 14 and Fig. 15 are wavy. This difference suggests that CTF curves were influenced by floating distance. By using this digital test target pattern, we have obtained a more accurate CTF curve than the conventional method that used a fixed USAF test target. Sharpness of the aerial image is an important fac- tor for selecting a retro-reflector for AIRR. However, there is no standard method for evaluating the sharpness of an aerial image now. Our proposed method can be a common evaluation method of many other aerial imaging techniques.
Conclusion
We have investigated the relationship between the diver- gence angle of retro-reflectors for AIRR and the contrast transfer function (CTF) of an aerial image formed by use of retro-reflector with AIRR. It was found that the divergence angle of the retro-reflected light strongly relates to the sharpness of the aerial image. Evaluating the retro-reflective material showed the possibility to predict the image quality of the aerial image without forming an aerial image. Furthermore, our proposed method can be a common evaluation method of many other aerial imaging techniques with dihedral corner reflector array and slit-mirror array.
